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On the Vibration of Imperfect Circular Disks

Huan Sue Jia*and Chong Won Lee**
(Received April 14, 1997)

An analytical method is presented for vibration analysis of a rotating circular disk with

distributed imperfections such as the nonuniform thickness, density, Young's modulus, Poisson’
s ratio and the odd distribution of internal stresses. In this paper, the linear governing equation
of the disk is formulated, and then the relation between each imperfection and the split of

degenerate modes is derived. In the derivation, the distributed imperfection, which is a periodic

function of angular position, is expanded as a Fourier series. The derived simple relation
suggests that the zeroth order imperfection causes the shift in the natural frequencies of all
modes, whereas the 2m-th order harmonic imperfection results in the split of the natural

frequencies, with the equal magnitudes but with different signs, for a pair of original degenerate

modes with m nodal diameters.
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. Disk transverse displacement

. Imperfections of disk parameters
. Mass per unit volume of the disk
. Poisson’s ratio of the disk

. Dimensionless

m T D R oR

frequency
caused by imperfections

shifting
Or, Os, Trs . The normal and shear centrifugal
stresses
1) : Natural frequency (rad/s)
2 . Constant rotating speed of the disk
(rad/s)

1. Introduction

Rotating disks are important machine compo-
nents widely used in many industrial applica-
tions: circular saw blades, turbine rotors, brake
systems, fans, flywheels, gears, grinding wheels,
precision gyroscopes, computer storage devices,
etc. The dynamics of rotating disks have attracted
a lot of research interest since the famous early
researches (Kirchhoff, 1850, Lamb and South-
well, 1921; Southwell, 1922). In this paper, our
primary concern is the influence of disk imperfec-
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tions on the transverse vibration of rotating disks.
Unavoidably, disk imperfections more or less
exist in all real disks. In some situations, they are
introduced intentionally (Yu and Mote, 1987).
For convenience in discussion, the disk imperfec-
tions may be divided into three groups by the way
they influence the energy elements (Tobias,
1957): strain imperfections, kinetic imperfections,
and both strain and kinetic imperfections. The
strain imperfections affect the strain energy but
leave the kinetic energy undisturbed, such as
Young’s modulus, Poisson’s ratio, and initial
stress distribution. The kinetic imperfections
affect the kinetic energy but leave the strain
energy undisturbed, such as a variation of density.
Dimensional irregularities normally produce both
strain and kinetic imperfections.

The disk imperfections can have some interest-
ing and important implications for the dynamic
response of disks, such as introduction of addi-
tional natural frequencies due to mode splitting,
and formation of vibrational modes fixed to the
disk due to preferential orientation of the split
modes. To avoid or make use of these phenom-
ena, it is necessary to understand their forming
mechanism. The literature addressing the analysis
of split modes includes Zenneck (1899), Tobias
and Arnold (1957), Tobias (1957), Williams and
Tobias (1963), Williams (1966), Ewins (1969)
and Efstathiades (1971). Recently, Stange and
MacBain (1983) investigated experimentally the
dual mode phenomena of a mistuned bladed disk
by holographic interferometry. Honda, Matsuhisa
and Sato (1985) found that the imperfection
produced a much greater effect on the response
near the resonance, but little effect on it off the
resonance. Yu and Mote (1987) analyzed the
effects of the asymmetry through perturbation of a
variational formulation of the plate vibration
problem. Rim and Lee (1993) obtained the
modal parameters of an outer-clamped annular
disk under arbitrary in-plane (self-equilibrating)
force by wusing perturbation and Galerkin
methods, and Rim, Kim and Lee (1992) further
developed an identification method to estimate
the arbitrary in-plane force along the clamped
outer edge numerically and experimentally. Tseng

and Wickert (1994a) discussed the vibration of
an annular disk under the asymmetry of the
bolted connections that are used to generate the
“clamped” interior boundary by both the experi-
mental and the theoretical means. Lee and Hong
(1995) predicted the effect of a concentrated mass
along a radial line on the free bending vibration
of a circular plate by Rayleigh-Ritz method.
Nayfeh et al. (1976) and Parker and Mote (1996)
used perturbation techniques to investigate the
influence of the deviation of the boundary of a
disk from annular or circular domain to the
natural frequencies and mode shapes. Tseng and
Wickert (1994b) investigated the effects of ec-
centrical clamping on the natural frequencies and
modes of a classical thin plate experimentally and
through global discretization of the Kample quo-
tient.

To the authors’ knowledge, no work has ad-
dressed yet the relation between the split modes
and the distributed imperfections such as the
nonuniform thickness and density in a circular
disk. In the present investigation, we derive the
equations of motion for a rotating disk with
typical distributed imperfections, then formulate
the analytical relation between the distributed
imperfections and the resulting split modes. The
analytical method is developed under the assump-
tion that the characteristics of the disk are not
influenced by the imperfections except the natural
frequencies and the locations of nodal diameters
to investigate the mode splitting.

2. Review of Previous Works

2.1 Solution of perfect disks

The transverse displacement of a perfect flex-
ible disk can be expressed, according to the
expansion theorem, as

wlr, 6,1t =§ogo[amnwﬁn(r, )
+bmnwgm(7’, G)Jan(t)
"gogoRmn(anT)COS m(€+6mno) (]mn(t) (1)

where

Wian ¥y 0) = Run(Bunr)cos mb
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Wan(ry, 0)=Run(Bunr)sin mb

are the orthonormal modes (with m nodal diame-
ters and n nodal circles) of the disk, gn,(#) are
the corresponding time-dependent generalized
coordinates, g, and b,, are the constants deter-

3
mining @nae, and p, 4 and D<: T(llfﬁ ) )

are the mass per unit volume, thickness and flex-
ural rigidity of the perfect disk, respectively.

As implied by Eq. (1), it has been well known
that for each natural frequency @, there exist
two corresponding orthogonal natural modes: the
“cosine” and “sine” modes, except for y#=0. In
other words, those natural frequencies are
repeated in the sense that their values become
identical. The two orthogonal modes correspond-
ing to a repeated natural frequency may be super-
posed, leading to a resultant mode with the orien-
tation angle @&, relative to the disk. For a
perfectly symmetric disk, whether uniform or not,
theory indicates, and experiment verifies, that
there will be no fixed preferential orientation
(Bmno) of the mode with respect to the disk
(Rayleigh, 1945, pp. 363-366), unless the initial
conditions in case of free vibration or the exciting
force in case of forced vibration is fully specified.

2.2 Imperfect disks

If the axisymmetry of the disk is disturbed by
any imperfections, some repeated natural fre-
quencies may split into pairs of two distinct
natural frequencies @, and w, (w,<wg), which
are frequently referred to as the split natural
frequencies or modes. The two split modes have
preferential orientations with respect to the disk
irrespective of the presence of the initial condi-
tions and excitations. Zenneck (1899) has shown
that the angular positions of the split modes
coincide with those for which the natural fre-
quency is either a minimum ¢, Or a maximum g,
(or derived from Rayleigh’s principle). Thus, by
attaching a small concentrated mass to a perfect
disk, the mode @, will align itself with the mass
eccentricity at its antinode, while the other mode
w, will align the eccentricity at its node.

Clamped
Fig. 1

Analysis model.

3. Analysis Model and Method

The analysis model of the rotating disk is
shown in Fig. 1. The disk boundaries shown are
inner-clamped and outer-free, but the analysis
here is also valid for other boundary conditions.
The classical thin plate theory or Kirchhoff plate
theory is used to describe the disk vibration. The
major features and limitations of the disk model
are: the thick plate effects of rotary inertia and
shearing deformations are not included; the linear
theory is suitable; the normals to the middle plane
of the plate are assumed to remain normal to the
deflected middle plane during vibration; the dissi-
pation due to damping is not included; the in
-plane stresses of the disk due to centrifugal
effects are included, but those due to thermal and
residual stress effects are not included.

In the following sections, the governing equa-
tions for a disk with ideal, but typical distributed
imperfections are formulated by Hamilton’s prin-
ciple and nondimensionalized. The distributed
imperfections, which are periodic functions of
angular position, are expanded as a Fourier
series. And then the analytical relation between
the imperfections and the split natural frequencies
is derived and discussed. Finally, an example case
is treated to illustrate the analytical development.
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4. Energy Functions of Disk
Vibration

Now, we consider the imperfections associated
with the Young’s modulus (E), the Poisson’s
ratio (y), the plate’s mass per unit volume (p),
and the thickness of the disk (%). In addition, we
also consider the imperfections associated with
the stress resultants N,, N, and N, given by

hi2 hi2
Nr:/ or dz, Ns=f 0ed2,
~hi2 —h/2
hi2
Nrﬁ:f TrodZ
—h(2

where ¢,, 04, 1 are the normal and shear
centrifugal stresses in the polar coordinates,
respectively.

The total kinetic energy due to transverse

motion of the disk can be expressed as

T :%_l;zn/a‘bphwzrdrdb’ (2)

where w(», @, ¢) is the disk transverse
displacements. The kinetic energy due to rotation
about its axis will be a constant for a constant
rotating speed Q, and it not included in this
formulation since it will subsequently be canceled
out when applying Hamilton’s principle.

The potential energy of the disk includes three
parts (Timoshenko and Gere, 1963). First, the
energy lé)due to deformation of the middle plane
of the disk by forces applied in this plane (centrif-
ugal stresses) is

_ L1 A ae
Vu—zfAfhE [ N2+ N2~ 2NN,
+2(1+v) N%] vdrd6

where, A is the space area occupied by the disk.
The stresses N,, N, and N,, are assumed to
remain unchanged for small deflections, so the
above strain energy remains constant during
vibration, and thus we do not need to consider it
for using Hamilton’s principle. Second, the poten-
tial energy due to pure bending is

Vi) =%/0.2”_/;b{D(Azw)2—2D(l—u)

aar (LV% VL ??Hug >
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1 ow\|?
+2D(1— v)[ raa‘))} }rdrd& (3)
s w1 0w | 1 Fw
where Afw= 8r2+ P + AT IR Third,

the potential energy due to the additional stretch-
ing of the middle plane in the presence of in
-plane centrifugal forces is

Va(t) ff[N SN

+Nro< 8;9 ov )]m’m’ﬁ

EINA [N’<7>2

Nry Ow ow
e ag]m’m’ﬁ

where u and v represent the displacements in the

&)

r and @ directions of any points in the middle
plane of the disk during vibration, respectively.
For disk transverse vibration

u=v=0
Then
o= [T ()
(%Y +2~Nﬂ%’§%’g—] rdrdd (4)

Note that N,,=0 when the stress distribution is
axisymmetric.

5. Equations of Motion

By applying Hamilton’s principle,
Egs. (2) ~ (4), we obtain
o+ (D) - LI
—rar\Ne 5 )= oV p)
L) G 5 e
[D(l—u)]—iaa:’ aa(,z[D(l—u)]

+‘( Fw 10w\ 9
2Nordf v 90 /87’39

1w @
v or? ar[D(lAy)]

-
_l<
3

utilizing

ow
Nf ar

2
haw

(DAQ—v)]

Lo} S Da-11=0 (5)
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with associated boundary conditions.
It will prove convenient to introduce the dimen-
sionless variables:
wr=w*/h, r*=v/b,

r=t/ty, 2%=0t, b=>bVoho/Do

and assume

E:E()(1+QE)1 V:VO(1+au)v P:PO(1+a’p)
h=ho(1+an), Nr=Nro(l+an)
2
Ne=Np(1+ans), Np= Po?oozbo aNre
so that,
D=D,(1+ ap), auzag+3ah12_y(;jza

D(1—v)=Dy(1— o) (1+ ap.)
aov=0c +3an— 11%0 av

where %, a0, bo, ©0, ‘- are the parameters
associated with the perfect disk, and @,, aq,
s, @ - are the small quantities representing
the imperfections which are functions of (5,
). From physical view, @, @a, @b, Qo

are the dimensionless deviations of the disk
parameters from the idealized perfect disk. Note
that in the above and following formulas, we
ignore the small quantities of order >2. Then Eq.
(5) can be rewritten, omitting asterisks for
notational convenience, as

aZW 2 2
(1+ap+ah)——g—+d [(1+G’D)A ‘W]

“%;5;[(1%'&/»#) VNTO% ]
1 0

3 )0[(1+Q'N6)N60 35]

i aag) 5 anlen )
~ -l L Tn )T

r\or ' ¥ 06%] or?
2 2
—(1—w) 12 %:g aacégu
2w 1 ow )\ Pan
+ (1= w) 72<8789 00 ) 3700

2({ w1 ow\dao, _
—(- VO)T“( 0798 ¥ o =0 )

6. Mode Splitting Caused
by Imperfections

In this work, we do not include the boundary
imperfections in the analysis due to mathematical
difficulties. We assume a solution of the form

WinGan (£) = Rmn () cos m (86— &) cos wi{t—t)
W}rgznq:m(t)

=Ry (#)sin m (60— 6) cos w2t —t;) (7a, b)

and

a)12= (1‘+‘61) C()o2
Cl)zz: (1 +&2) Cl)()2

®)

where @, is the repeated natural frequency of the
corresponding perfect disk, the small quantities ¢,
and &, are the constant frequency shifting caused
by imperfections, and 4, and 4, are the preferen-
tial orientation angles of the split modes. w ppe=
Ran (7) (@mno oS M8+ buno Sin aot) is the corre-
sponding solution of the perfect disk. The orienta-
tion angles 4, and & will be determined accord-
ing to the fact that they make the split natural
frequencies ¢, and @, either a minimum or a
maximum (see discussion in Sec. 2. 2).

Substituting Eq. (7a) into Eq. (6), multiplying
by win=Run(7r) cos m(0— 6), integrating over
disk area, and deleting small quantities of order
> 2, we obtain

2 b
‘/0‘ f[‘_(61+ap+a’h)Cl)ozw’Crm"‘dZ(a’Ddzwfnn)

_'1r ai("”’Nma’g:n) = a%("”"“’“aaé"">
r or \ 5) % 96\ " =

AN Owmn | 1 azwmn\aa’uu
—1-w r< ar Ty o /] ort

1 8 'Wmn 8 by
—0=we i or? 06

& Win _ 1 a’WrCrm\ aZQDu
17w < 900 7 30 ) 130

1 1 Pwin a&'nu _ P Wan
(1 0) P ar (1 VO) ( arag
i ann oapy c —

where the imperfection function can be expanded
in Fourier series as
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a(r, 0) =a(r) +2lan(r) (Ar cos nd
+ B, sin n8) (10)

6.1 Imperfection in density
By substituting the expanded form of density
imperfection g,(», §) into Eq. (9), we obtain

b
—f [7(81+ @0 (7) +*27£Ap2m C0S 26\ Aozm

+§Bﬂ2m sin 2m& doem (7) ] Wt R (7) vdr =0

or

elzem«";‘” (11)

where,

[ awo(r) Ran(r) rr

b
L- errm (7’7’(17’
depy= (Aozm c0s 2mO+ Bosn Sin 2mby) »
b
/; ozm (7)) Ron (7) vdr

'Lberrm (r)radr

(12)

Ep0= "

(13)

Similarly, we obtain

€r=Epo+ Ag"z (14)

where /Je,, has the same form as Je,, except that
0, be replaced by &,. The preferential angles 4
and @, are determined from

dAEpl dAEpZ
“do, 0 and =gp==0 (1)

Since except §, and &, Jde,, and Jg,, are com-
pletely the same, we have

= = 0* (16)
so that
den=Aepr=Ade, (7
and
a—ea=de,

6.2 Imperfections in stresses

By substituting the expanded form of stress
imperfections ay. (7, ), awe(r, 8),
g) into Eq. (9), we obtain

anre (7,

/b{— w’R _M[( +5 (A cos2mé,
A TE1Wo" Kmn T or N0 Nr2m 1

+ Bram sin 2m6,) aN,m)erR;,m]

]\’{620 ™ [ a/Nao+ (Anozm cos 2mb,

+ Bhyozm sin 2m6h) dNaz;nJRmn _Lf
(Anyo2m sin 2mb,

- BNTGZm COS 2m61)%Rmn}Rmnrdr:0

Similarly, we have

den
61—6N0__2_

E2=&not 4-2‘2&
== 0*
where
Eno=
- ﬁ b[lr—aar(anroerR;n) —mzﬂr?HNooRmn]Rmnrdr
o _/a. be,m rdr
den=(An,2m cos 2m@* + Bu,2m sin 2m*) +
/a-bair[ ran,emNroRun] Rundr
o [ Rinrdr
+m? (Awozn oS 2mE* + Bygem sin 2mG*) «
[ avon? L2 Retr
w§ /; "Raw rdr
+2m( Anyoam Sin 2m* —
b

/ & no2m Randr
a

b
] / Riavdr
a

BNrGZm Ccos thg*) .

6.3 Imperfection in Young’s modulus E
(ap=ar, apn=ar)
By substituting the expanded form of Young’s
modulus imperfection gz (», ) into Eq. (9), we
obtain

b
j; { - 7T€1C()%Rmn + 7Z'Al2 (aEOA%Rmn)

+7H(AE2m cos 2mb + Bgan Sin 2mby) »

2
B (aeamdt Rnn) + 27;’? (Ag2m cos 2mb,
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+ Bean sin 2m6,) aeomdE Rao
— (1 . ’/0) T (7’R7,rm_ mszn) Q’EO+ YR;;m(I;s()

i
—(1—wo) (Ag2n cos 2mb

+ Bran $in 2m80) 5| 7 (7Rim = 1 Ro) tien

”

R 1
- 4m2—ﬁaﬁszm —4m27( ¥Run— Run) tk2m

”

1
+ ;:m a&2m+4m27

(7’ernn—Rmn) *

arszm]}Rmrdr =0

where
2 _8w 1 ow _m
diw = " ¥ or 7P
s _Fw 1w bmP
diw = % LI PR
We have
61:2650—116%
E2=€rot AgE
191:(9220*
where
— K
Epo=——Fp
wﬁ/ Ri.rdr
a
Ae:a-:—bK—“"
o3 [ Rinrdyr
a

K= b[df(anA?Rmn) (=) -

roo 2 s r”e ’

(VRmn m Iem;:)2 Aot VRmna’EOjIRmnrdr
K= (Agan cos 2mO* + Bran sin 2mo*) -

f {—‘ (Az (a’EZmAlRmn)

a

2
2 0’E2mdl Rmn

(1) [%(rR;m, — 12 Roun) e

R” Rin 1
? A2m+ amm—4m27

—4m
(rRun—
+ 4L (R~ Ro) som || Runrtr

Rmn) Akam

For @, and g, it is not difficult to get the similar
results.

Fig. 2 A circular disk with mass attached.

7. An Example: A Circular Disk with a
Mass Attached on a Radius

Consider vibration of a circular disk with a
local imperfection in the form of a distributed
mass along a radial line as shown in Fig. 2. Then,
we have the expression

0=p0(1+a)

2M,
Qp— pb2(¢2 ¢) [H(e ¢1)

where Ma is the attached mass which is assumed
to be small compared with that of the disk, and
H(8) is the Heaviside unit step function. The
Fourier series expansion of g, can be written as

—H{(0—¢2) ]

a4 (8) =+ 21 (An cos né+ By sin #8)

where
_1 2M. 2n oy
= 2r Pob2(¢2_¢1).[)‘ [H(6 ¢
__ M
—H(H—'(ﬁz)]dﬁ—”pobz (18)
_ 2 2M, 2 .
A"‘27T pob2(¢2‘“¢1),/0‘ [H(@ ¢1)
~H(8—¢2)] * cos n8db
_ 2M. (sin ng,—sin ngy)
ﬂpob2(¢2'—¢1) n
_ 2 2M, m _
Be= ety f [H (0=
—H (80— ¢2)] * sin nbdf
2M. CoS 71— cos nes

- ﬁpub2(¢2_¢1) n
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The origin of the polar coordinates can be chosen
arbitrarily, hence without loss of generality, we
consider the mass along =0 line in polar coor-
dinates. In the limiting case where ¢, approaches
@1, we have the asymptotic behavior, since ¢,=
(¢1+ ¢2) /2=0, given by

_2M.
- 71',001)2’
Inserting Eqs. (18) and (19), and ¢,=1 into Eqgs.
(11) and (13), and utilizing Eq. (16), we obtain

Ar and B,=0 (19)

= _—Ma
&p0 7Z'pob2
deo= 33;[[;’2 cos 2mo*

From Eq. (15), we obtain
6*=0
then

_2M,

T ¢ 0

&1=

Using Eq. (8), we have

W12:<1~%>Q)02

(20)
6022:(1)02

The same problem was solved by Lee and Hong

(1995) using Rayleigh-Ritz method and their

results were

2 2Ma >‘1 2~< _ 2Ma> 2
w1 *<1+ ﬂpob2 wo |1 ﬂpobz Wo

CL)22:(U02
which are identical to Eq. (20). Note that Eq.
(20) holds for all modes with nonzero nodal
diameters.
Figure 3 shows the typical mode shapes with

()] 01<0 (1]

Fig. 3 Split mode configurations for (2, 0) mode.

split modal frequencies. The lines in the figure
show the nodal diameters of the split modes, and
the hatched area represent the attached mass.

From the theoretical results in Sec. 6 and the
example above, one sees that the zeroth order
imperfection g, (#) will cause the shift in natural
frequencies of all modes, but it does not cause the
split of degenerate modes. The 2m-th harmonic
component Agm cos 2m8 + Boem sin 2m8 of the
distributed imperfections will cause the split, with
the equal magnitudes but with different signs, of
the natural modes with m nodal diameters. The
preferential angles for a pair of split modes are of
the same values.

8. Discussion and Conclusions

In this work, we derived the analytical relation
between the distributed imperfections and the
split modes and a simple rule is obtained for
predicting the split modes. A degenerate mode
with # (+0) nodal diameters in the perfect disk
split into a pair of modes with slightly different
natural frequencies if there exists the 2m-th order
harmonic component in the disk parameters.
Similar behaviors have been identified for bladed
disks (Ewins, 1969), circular saw blades with
radial slots (Yu and Mote, 1987), bolted plates
(Tseng and Wickert, 1994a), nearly annular or
circular plates (Nayfeh, 1976; Parker and Mote,
1996), and eccentrically clamped annular plate
(Tseng and Wickert, 1994b).

The values of the natural frequencies and the
eigenfunctions of the imperfect disk are deter-
mined from the distribution of the imperfections.
The zeroth order imperfection (g(7) in the
Fourier series) causes the shift in the natural
frequencies of all modes, but not splitting. Where-
as the 2m-th order harmonic imperfection results
in the split of the natural frequencies, with the
equal magnitudes but with different signs, for a
pair of original degenerate modes with m nodal
diameters. The preferential angles for a pair of
split modes are of the same values.
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